Abstract. The symmetric group S 2n and the hyperoctaheadral group H n is a Gelfand triple for an arbitrary linear representation ϕ of H n . Their ϕ-spherical functions can be caught as transition matrix between suitable symmetric functions and the power sums. We generalize this triplet in the term of wreath product. It is shown that our triplet are always to be a Gelfand triple. Furthermore we study the relation between their spherical functions and multi-partition version of the ring of symmetric functions.
introduction
This paper deals with spherical harmonics on a finite Gelfand triple which is a generalization of the triple (S 2n , H n , ϕ), where S 2n is the symmetric group of degree 2n, H n is the hyperoctahedral group and ϕ is an arbitrary linear character of H n . We adopt the terminology "Gelfand triple" by the usage of Bump's book [2] . One of main purposes of this paper is to describe an explicit form of the irreducible decomposition of their induced representations. Furthermore we attempt to express their spherical functions as explicit as possible.
Roughly speaking, representation theory of wreath products can be said the multipartition version of representation theory of the symmetric groups. Their irreducible representations and characters can be explicitly computed. It seems to be no new representational theoretical property of wreath products. Nevertheless, from the view point of spherical harmonics, they give us interesting mathematical objects like a multivariable version of hypergeometric functions as their zonal spherical functions [8, 9] . Furthemore, recent study of finite spherical harmonics related to wreath products succeed in finding new orthogonal polynomials and combinatorial or statistical interpretations of permutation representations [3, 10, 11] . Therefore it is important to find new finite Gelfand triples and analyze their structures as finite homogeneous spaces.
As mentioned above, the triple (S 2n , H n , ϕ) is a Gelfand triple, i.e. ϕ ↑
S 2n
Hn is a multiplicity free as S 2n -module. The characters of Hecke algebra associate with (S 2n , H n , ϕ)
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1 are called ϕ-spherical functions. It is known that ϕ-spherical functions of this case are deeply related to zonal polynomials and Schur's Q-functions [5, 12] . To be more explicit, ϕ-spherical functions appear in coefficients of the power sums in these symmetric functions. This fact gives an representation theoretical meaning to these symmetric functions. Algebraically there exist isomorphisms called characteristic maps between the direct sum of their Hecke algebras and the ring of symmetric functions. In this paper, we consider an generalization of the triplet by changing S 2n into a wreath product SG 2n = G ≀ S 2n . We define a subgroup HG n of SG 2n which is a natural generalization of H n (details are in Section 2). In [10] , the author shows the triplet (SG 2n , HG n , 1) is Gelfand triple. When the Frobenius-Schur indicator of all irreducible characters of G is equal to 0 or 1, their spherical functions are obtained as the coefficients of multi-partition version of power sum in product of Schur functions and zonal polynomials. Here we have to explain multipartition version of symmetric functions. For a finite set A, we prepare the power sums p r (a) (a ∈ A) and set Λ[A] = C p r (a) | a ∈ A, r ≥ 1 . We call Λ[A] the multi-partition version of the ring of symmetric functions associated with A. In the book [7] , the character theory of wreath products is introduced in terms of Λ[G * ], where G * denotes the set of the irreducible representations of a finite group G. Recently Ingram, Jing and Stitzinger study this type of symmetric functions in [13] . One of our main result of this paper is to show that a triplet (SG 2n , HG n , Θ ξ,π ) is a Gelfand triple for an arbitrary linear character Θ ξ,π of HG n . Here all linear representations of HG n can be indexed by linear representations ξ of G and π of H n (see. Section 4.1). The irreducible representations of SG 2n are indexed by a |G * |-tuple of partitions (λ(χ) | χ ∈ G * ). The problem we should consider is: which partitions appear as irreducible
HGn ? To answer this problem, we need to show a twisted version Frobenius-Schur theorem:
We see that these three values 1, 0 and -1 determine the type of a partition λ(χ) in a irreducible component indexed by (λ(χ) | χ ∈ G * ) of the induced representation. After complete this problem, we consider the Θ ξ,π -spherical functions of (SG 2n , HG n , Θ ξ,π ). We are greatly interest in Θ ξ,π -spherical function because they gives sometimes important examples of orthogonal functions. Actually our Θ ξ,π -spherical functions appear as coefficients of multi-power sum of product including Schur functions, Schur's Q-functions and Jack polynomials at the parameter α = 2 and 1/2. This paper is organized as follows. We prepare the almost all notations using this paper in Section 2. In section 3, we consider a twisted version of the Frobenius-Schur formula through an analysis of (SG 2 , HG 1 , Θ ξ,π ). As conclusion of this section, we have a certain relation between the number of irreducible representations of finite groups and that of conjugacy classes. Section 4 is devoted to description of the irreducible decomposition of our triplet. Simultaneously we discuss basis of the Hecke algebra. The main tool of this section is the relation obtained in Section 3. In section 5, we consider spherical functions. Two special cases are computed explicitly. In section 6, we obtain the relation between Θ ξ,π -spherical functions and multi-partition version of symmetric functions. We construct an graded algebra which are the direct sum of Hecke algebra. We make an isomorphism CH π between the graded Hecke algebra and a certain multi-partition version of the symmetric functions. We see that the image of Θ ξ,π -spherical functions under CH π is products of some symmetric functions. In the last section, we apply the spherical harmonics of our triplet to the case of G = Z/2Z and see a their Θ ξ,π -spherical functions are essentially same as the characters of symmetric groups.
Preliminaries
Let G be a finite group. We denote by G * (resp. G * ) the set of the conjugacy classes (resp. a complete representatives of the irreducible representations) of G. Let L(G) be the set of all linear characters of G. For g ∈ G, C g denotes the conjugacy class of g.
. For γ ∈ G * , we denote by χ γ the character of a representation γ. We
By fixing a representatives, we identify G * * η with a subset of G * . Put n * * = |G * * | and n η * * = |G * * η |. We remark n * * = n 1 * * , where 1 is the trivial representation of G.
, then we call C g and R g = C g ∪ C g −1 a real (resp. a complex).
Denote by CG the group algebra of G. We identify f = x∈G f (x)x ∈ CG with the function x → f (x). Under this identification, the multiplication in CG is given by the convolution:
H is multiplicity-free as G-module, then we call the triplet (G, H, ξ) a Gelfand triple. From Schur's lemma, " ξ ↑ G H is multiplicity-free" and "H ξ (G, H) is commutative" are equivalent. In this paper, we only consider representations of finite groups. Therefore we assume that each representation space V of G has G-invariant inner product , V . We assume that (G, H, ξ) is a Gelfand
We define a ξ-spherical function by
Also ξ-spherical function has the following expression;
where
Let λ be a partition and let P n be the set of all partitions of n. We denote by λ ′ the transpose of λ. For λ, m i (λ) denotes the multiplicity of i in λ. Let ℓ(λ) be the length of λ. If all parts of λ are even (resp. odd), then we call it a even (resp. odd) partition. We denote by EP n (resp. OP n ) the set of all even (resp. odd) partitions of n. Let SP n be the set of all strict partitions of n. Set P = ∪ n≥0 P n , SP = ∪ n≥0 SP n , OP = ∪ n≥0 OP n and EP = ∪ n≥0 EP n . We denote by D(µ) the doubling of µ ∈ SP (cf. [12] ). For example, D(421) = (5441). Let λ = (λ(x)|x ∈ X) be a |X|-tuple of partitions for a set X. We define the weight of λ by |λ| = x∈X |λ(x)|. For two partitions λ and µ, we define a
, we defineρ to be a partition x∈X ρ(x). The hyperoctahedral group H n is a subgroup of S 2n defined by
H n is the centralizer of an element (12)(34) · · · (2n − 1, 2n) ∈ S 2n . Here we remark (2j
We define an isomorphism φ n from S n onto (2j
We consider the wreath product SG n = G ≀ S n = {(g 1 , g 2 , · · · , g n : σ) | g i ∈ G, σ ∈ S n } of a finite group G with a symmetric group S n . We define a subgroup HG n of SG 2n by
Put λ = (λ(χ) | χ ∈ G * ) and |λ| = n. We denote by S(λ) the irreducible representation of SG n indexed by λ which is constructed by the following way (cf. [6] ). Let V χ be an irreducible representation of G affording a character χ and S λ be an irreducible representation of S n indexed by a partition λ. We can define an action of
It is a fact that {S(λ) | |λ| = n} gives a complete representatives of the irreducible representations of SG n .
In [10] , the author shows the following theorem.
Theorem 2.2. [10] (1) For any x ∈ SG 2n , we have HG n xHG n = HG n x −1 HG n .
(2) The double coset HG n \SG 2n /HG n are indexed by |G * * |-tuple of partitions ρ = (ρ(R)|R ∈ G * * ) such that R∈G * * |ρ R | = n. (12)(46)(57)(89)) ∈ S 9 . Under these notations, we can choose the complete representative of HG n \SG 2n /HG n as following theorem.
If n 1 + · · · n s = n, then each complete representative of HG n \SG 2n /HG n corresponding to ρ = (ρ(R)|R ∈ G * * ) can be chosen by the following form
If G is the trivial, then the set
We consider a representative of HG 4 \SG 8 /HG 4 corresponding to (∅, (1), (2, 1)). We have x(R 1 ) = ∅, x(R 2 ) = (e, a : (12)) and x(R 3 ) = (e, e, e, a 2 , e, a 2 : (1234)(56) : (12)(3456)(78)).
Twisted Frobenius-Schur's Theorem
Let G be a finite group. The following identity is known as the Frobenius-Schur's theorem:
Fix ξ ∈ L(G). In this section, we consider the following summation:
We consider a pair (SG 2 , HG 1 ). This pair is a Gelfand pair (cf. [10] ). Fix a complete representatives {g R |R ∈ G * * } of G * * . A complete representatives of their double coset can be chosen by
where we remark (1, g R ; 1) = (1, g R ; (12))(1, 1; (12)) (cf. Theorem 2.3). We remark
where ε is the trivial or sign representation of S 2 .
In unitary representation theory of finite groups, the following proposition is well known.
(2) Let R be a unitary representation of G. A matrix U satisfy
where |α| = 1.
Proof. First we assume
, is a unitary matrix representation affording ξ ⊗ χ. Under our assumption, Proposition 3.1- (1) gives us
where P ξ,R = (p ij ) is a unitary matrix. Taking the complex conjugate of (1), we have
From (1) and (2) we have
Since P ξ,R P ξ,R is a scalar unitary matrix, we can put
where |α| = 1 and E = diag(1, · · · , 1). We compute
We remark that α does not depend on choices of R. Second we assume
We compute
Proof. The irreducible characters of SG 2 are of the following forms;
where χ and η are irreducible characters of G. We remark that U χ,η = U η,χ . For ε 1 = 1 or sgn, we compute
Since |α| = 1 and T χ ε 1 , ξ ⊗ ε HG 1 is an integer, we have α = ±1 and
Therefore ξ ⊗ ε ↑ is multiplicity free. Simultaneously we have all irreducible components.
Also we have
From the proof of Proposition 3.3, we have a twisted version of the Frobenius-Schur's theorem (See also [1, Theorem 9] 
Next we consider a basis of H ξ,ε (SG 2 , HG 1 ) associated with the double coset. Fix a complete representatives {g R | g R ∈ R} of G * * . For (g 1 , g 2 : σ) ∈ SG 2 , we define a element of H ξ,ε (SG 2 , HG 1 ) by
Clearly {K x |x ∈ SG 2 } spans H ξ,ε (SG 2 , HG 1 ).
Proof. Fix an element g ∈ G. We consider elements a, b ∈ G and τ, θ ∈ S 2 satisfying (a, a; τ )(1, g : σ)(b, b; θ) = (1, g; σ).
Since σ = 1 or (12), we have τ = θ.
First we consider the case of τ = θ = 1. Then we have ab = 1 and aga
Second we consider the case of τ = θ = (12). Then we have ab = g and aga
Therefore the conjugacy class of g is a real and ξ(g) = ±1. When ξ(g) = −1 , a computation
gives us K (1,g;σ) = 0. Let Co(K (1,g:σ) ) be the coefficient of (1, g : σ) in K (1,g;σ) . The same computation gives us Co(
2ζ g (ξ(g) = 1 and
Clearly {K g R | R ∈ G * * such that K g = 0} are linearly independent. Also Proposition 3.6 gives us Proposition 3.7. A set
Combining Proposition 3.3 and Proposition 3.7, we have Proposition 3.8. We denote by ξ(C) the value of ξ on a conjugacy class C. Then we have
Corollary 3.8 gives us
The following is just the relation between the number of the irreducible representation and the number of the conjugacy classes.
From (3) and (4), we have Theorem 3.9.
This proposition is a generalization of the fact n C = n C,1 and n R = n R,1 .
Example 3.10. The character table of
We set ξ = χ 2 and have
In this case, we have n ξ = 1 = |{C 6 }|, n C = 2 and n C,ξ = 4 = |{χ i ; i = 1, 2, 4, 5}|.
4
for 1 ≤ i ≤ n and σ ∈ φ(S n ). We remark that δ is obtained by restricting the sign representation of S 2n to H n . The following are known as the Littlewood's formula.
Proof. We remark the following isomorphism,
4.2. basis associated with double coset. Definition 4.3. We define two subsets of P * * (n) by
(R is real and ξ ≡ −1 on R),
.
EP, (R is real and ξ ≡ −1 on R),
. We assume that there exists z ∈ G such that zgz
Then we have
Proof. Proposition 4.5. We have
where τ m = (246 · · · 2m)(135 · · · 2m − 1), and
Proof. A direct computation gives us
Example 4.6. For g ∈ G, suppose there exists z ∈ G such that zgz
Proposition 4.7. Let x(ρ) be an element as in Theorem 2.3 for ρ = (ρ(R)|R ∈ G * * ) ∈ P * * (n),
(1) For ε = 1 or δ, we have e ξ,ε n x(ρ)e ξ,ε n = 0 ⇒ ρ ∈ P ξ,+ * * (n).
(2) For ε = ι or δ ⊗ ι, we have e ξ,ε n x(ρ)e ξ,ε n = 0 ⇒ ρ ∈ P ξ,− * * (n).
Proof. We assume ρ ∈ P ξ,± * * (n). Then we can choose y, z ∈ HG n which satisfy yx(ρ)z = x(ρ) and Θ ξ,ε (yz)
permutation representations. Fix ξ ∈ L(G).
Definition 4.8. Let X ′ = {λ ′ | λ ∈ X} for a subset X of P . We define the following four subsets of P * (n) = {λ = (λ(χ)|χ ∈ G * ) | |λ| = 2n}.
(1) P * *
Proof. It is easy to obtain the first claim by using Theorem 3.9. The second claim can be obtained by using Theorem 3.9 and two bijections: SP n → OP n and P n → n 0 +n 1 =n EP n 0 ∪ OP n 1 .
Example 4.10. We consider the character table of the quaternion group
We have the following bijections,
By using SP n ։ OP n , we have |P * * ξ,ε (n)| = |P ξ,ε * * (n)| .
Let χ be an irreducible character of G. For λ, µ ∈ P n and ξ ∈ L(G), we denote by
SGn×SGn of SG 2n .
HGn for π = 1 or δ.
HGn for π = ι or δ ⊗ ι.
Proof. We write σ ∈ H n in the form of σ = (12)
and τ ∈ φ −1 (S n ). Firstly we consider (1). If ν
2λ has an element u 2λ such that σu λ = u λ .
We consider f ⊗n χ ⊗ u λ ∈ S 2λ (χ) and compute
Also we consider g ⊗n χ ⊗ v λ ∈ S 2λ (χ) and compute
(2), (3) and (4) are obtained by the same way. Second we consider the case of ν ξ 2 (χ) = 0. Let ∆G be the diagonal subgroup of G × G. We consider the irreducible representations χ 1 ⊗ χ 2 of G × G. Then an easy computation of characters gives us the following formula of the intertwining number; χ 1 ⊗ χ 2 , ξ ∆G = δ χ 2 ,χ 1 ⊗ξ (We will consider more detailed discussion of this fact in Proposition 5.3). We remark an isomorphism
Therefore we obtain (5). By Remarking an isomorphism
can be obtained by the same way of the case of (5).
Theorem 4.12.
(1) Let π ∈ L(H n ) and ξ ∈ G * . We have
In particular, the triplet (SG 2n , HG n , Θ ξ,π ) is a Gelfand triple. (2) Let x(ρ) be an element as in Theorem 2.3 for ρ = (ρ(R)|R ∈ G * * ) ∈ P 1,+ * * (n), (a) For ε = 1 or δ, we have
We define a subgroup of SG 2n by
We remark that SG(n(λ)) contains SG(n(λ)) as its subgroup. From the transitivity of the induction, we have
, where λ
Let e(λ) ∈ C SG(n(λ)) be an idempotent such that S(λ) ∼ = CSG 2n e(λ). The idempotent e(λ) can be described by the follows;
Since each e HGn is less than dim H Θ ξ,π (SG 2n , HG n ). By combining these facts and Proposition 4.9, we have the both claims of this theorem.
Θ ξ,π -spherical functions
The rest part of this paper is devoted to computations of Θ ξ,π -spherical functions of our commutative Hecke algebra
and H Θ ξ,δ⊗ι (SG 2n , HG n ) ∼ = H Θ ξ,ι (SG 2n , HG n ) (cf. [7] ). Therefore we consider cases of π = 1 and ι.
Theorem 5.1. For λ ∈ P * * ξ,π (n), the functions
HGn e(λ) ∈ CSG 2n e(λ).
are the Θ ξ,π -spherical functions of (SG 2n , HG n , Θ ξ,π ). Here e(λ) is an idempotent defined in the proof of Theorem 4.12.
Proof. It is clear that xΩ
λ for x ∈ HG n . We compute
e(λ)(1)
Therefore Ω ξ,π λ (1) = 1.
In the below, we compute Θ ξ,π -spherical functions for two special cases. First we consider the case of χ = ξ ⊗ χ i.e., ν
We can take a unitary matrix
By the same computation of the proof of Proposition 3.3, we have
and
We repeat the same computations and have
We use a notation ω 
Next we consider the case of ν 
We just denote by ∆SG n a subgroup of SG o n ×SG e n defined by
In particular, (G × G, ∆G,η) is a Gelfand triple. Theη-spherical functions ω χ are given by
as an irreducible component. Since we havê η ↑ G×G ∆G (1) = |G| and χ∈G * χ(1)η(1)χ(1) = |G|, we obtain (5). Second, we have (see [7, pp. 397 
Since HG n = T n × ∆SG n as a set, e 
, where Θ ξ,π is considered as the restriction of Θ ξ,π to ∆SG n . For x ∈ SG 2n , we have We set x 0 = (1, · · · , 1, g : (1, 2, · · · , 2n)) and t n = (12)(34) · · · (2n − 1, 2n). Then the following is easy:
. Let χ λ ρ be the irreducible character of S n , indexed by the partition λ and evaluated at the conjugacy class ρ. Now we can compute (cf. [6, pp. 149, 4.3 
For general x(ρ), repeating these computations with x(ρ) in place of x 0 establishes the following proposition.
We define a map H ξ,π onto Λ ξ,π G by
(|ρ| = n and |σ| = m) , CH is a ring isomorphism between H ξ,π and Λ ξ,π G . Under our definition, we have
be a Jack symmetric function indexed by λ at the parameter α.
where h λ (resp. h λ ) denotes the product of hook lengths (resp. shifted hook lengths) of λ. In the below, we set A = G * * ξ , B = G * * , ζ b = ζ g R (b ∈ R) and a g R (r) =
, (R real) ξ(g R )χ(g R ) + ǫ r−1 π χ(g R ), (R compl From [7, 12] Here g λ denotes the number of shifted standard tableaux of shape λ. It is fact that h λ = n! g λ . We consider ν ξ 2 (χ) = 0, i.e. χ = ξ ⊗ χ. Then we have
Now we state the main theorem of this paper. and non-vanishing double coset is {HG n x(ρ({1}), ρ({−1}))HG n | ρ({1}) ∈ OP, ρ({−1}) ∈ EP } from Theorem 4.12. Put ρ = ρ({1}) ∪ ρ({−1}). From Proposition 5.4, the Θ ε,1 -spherical function corresponding to S λ,λ ′ (χ, ε) is Ω 1,λ ε,π (x(ρ({1}), ρ({−1}))) = h λ 2 n n! χ λ ρ 2 ℓ(ρ({1})) (−2) ℓ(ρ({−1})) = h λ 2 n−ℓ(ρ) n! χ λ ′ ρ . In conclusion, tables of Θ ε,π -spherical function of this case can be obtained by multiplying the character table of the symmetric group by some diagonal matrices from both sides.
